We propose a hybrid quantum system where the strong coupling regime can be achieved between a Rydberg atomic ensemble and propagating surface phonon polaritons on a piezoelectric superlattice. By exploiting the large electric dipole moment and long lifetime of Rydberg atoms as well as tightly confined surface phonon polariton modes, it is possible to achieve a coupling constant far exceeding the relevant decay rates. The frequency of the surface mode can be selected so it is resonant with a Rydberg transition by engineering the piezoelectric superlattice. We describe a way to observe the Rabi splitting associated with the strong coupling regime under realistic experimental conditions. The system can be viewed as a new type of optomechanical system. PACS numbers: 42.50. Nn, 42.50.Pq, 71.36.+c, 32.80.Ee Atom-surface interactions continue to attract attention because they are an essential factor in many areas of physics [1] [2] [3] . For example, recent work with surface phonon polaritons (SPhPs) has focused on realizing quantum photonic devices using atom-surface coupling [4, 5] . Moreover, a great deal of effort has been invested in controlling the interaction between atoms and modified surfaces, including photonic crystals [6, 7] , nanofibers [8] , as well as microspheres [9] .
Atom-surface interactions continue to attract attention because they are an essential factor in many areas of physics [1] [2] [3] . For example, recent work with surface phonon polaritons (SPhPs) has focused on realizing quantum photonic devices using atom-surface coupling [4, 5] . Moreover, a great deal of effort has been invested in controlling the interaction between atoms and modified surfaces, including photonic crystals [6, 7] , nanofibers [8] , as well as microspheres [9] .
Much of the work on atom-surface interaction has investigated the weak coupling regime, where the lifetime and energy of an atom can be modified by a surface [10] [11] [12] [13] . The strong coupling regime, where coherent interaction dominates, is more interesting because it is usually a prerequisite for quantum hybrid systems which rely on coherent control of the coupling [14] [15] [16] [17] [18] [19] . However, strong atom-surface coupling is difficult to achieve due to small coupling constants and the large number of modes near the surface with which an atom can interact. Most proposals, so far, require placing atoms within a reduced wavelength of a surface (λ/2π), which is technically challenging at optical wavelengths. Vacuum Rabi splitting and strong coupling have been observed for surface plasmon polaritons (SPPs) and artificial atoms, such as J-aggregates, dye molecules, and quantum dots, owing to high oscillator strength, large local field enhancement, and fixed wavevector with a directional pumping field [20] [21] [22] [23] [24] . Strong coupling between atoms and SPhPs has not been observed or even proposed, to our knowledge.
SPhPs are hybrid modes consisting of electromagnetic fields and crystal vibrations, typically bound to a dielectric surface. The volume of the electromagnetic field can be significantly reduced near the SPhP resonance leading to a large field enhancement. Although they attract less attention than SPPs, great progress has been made developing artificial materials that support SPhPs. For instance, low-loss materials have been fabricated for infrared SPhPs [25] [26] [27] . Microwave SPhPs can be constructed with engineered frequencies and bandwidths by introducing suitable superlattices [28] [29] [30] .
We propose a quantum hybrid system where strong coupling can be achieved between a Rydberg atomic ensemble and a SPhP mode on a piezoelectric superlattice (PSL) [29] . A PSL is a metamaterial with periodically modulated piezoelectric coefficient [28, 31] . The resonant frequencies of the SPhPs, which are usually in the microwave range, can be modified by changing the period of the PSL. Compared to SPhPs on natural materials, SPhPs on PSLs provide a more feasible platform to couple atoms to surface excitations in the near field regime. The atom-surface distances can be mm instead of ∼ 100 nm. PSLs can be engineered, so the SPhPs are resonant with a Rydberg atom transition, which is usually impossible to do using a natural crystal.
Rydberg atoms are highly excited atoms with huge dipole moments, µ, for mm-microwave transitions. µ can be more than three orders of magnitude larger than alkali valence transitions. The large µ can partially compensate the reduction of the coupling constant due to the smaller transition frequency when compared to optical frequencies. The linewidth of the Rydberg transition can be narrow, ∼kHz, which results in extremely small atomic decay. The union of small atomic decay, large µ and tightly confined electromagnetical fields suggests strong coupling can be achieved with Rydberg atoms and SPhPs.
Consider a sample of Rydberg atoms trapped above a semi-infinite periodically poled lithium niobate (PPLN) surface, Fig. 1 . PPLN is a PSL, and has been extensively used in nonlinear optics. Due to the anisotropy of PPLN, SPhPs on PPLN are more complex than SPPs. In a recent study, we demonstrated that the dielectric tensor of PPLN can be diagonalized and real SPhPs exist for the crystal orientation shown in Fig. 1 [30] . The SPhPs propagate along the y direction with surface normal x, where x, y, and z are the principal axes of lithium niobate. The electric field of the SPhP can be tightly confined at the interface between the vacuum and PPLN, and decays exponentially with distance from the surface, Fig. 1 .
The SPhPs can be approximated as p-polarized plane waves, i.e., the electric field lies in the x-y plane [30] . Thus, the vector potential of the SPhP with mode k can be expressed as [32, 33] 
where a k is the SPhP destruction operator for mode k, S is the surface area, and L is the normalized length of the SPhP mode. u x and u y are unit vectors in the x and y directions, respectively. The normalized length L depends on the dielectric responses in both the propagation direction, ε y (ω), and surface normal direction, ε x (ω) (for details see the Supplemental Material). The effective mode volume of the SPhP field is V = S × L. The atoms are resonantly dipole coupled to the surface electric field, Fig. 1 . The coupling constant of a single atom and a SPhP mode k is
The effective Hamiltonian for N atoms interacting with a quantized surface mode k can be written in the TavisCummings form [34] ,
Here, ω a is the atomic transition frequency, and Σ(Σ † ) describes the collective atomic destruction (creation) operator. The collective coupling constant for an atomic ensemble consisting of N atoms is approximately
The approximation is valid when the size of the atomic sample is much smaller than the SPhP decay length along the x-direction, i.e. all atoms experience the same electric field. Eq. 3 describes the collective coupling between an atomic ensemble and a single SPhP mode. For dipoles oriented perpendicular or parallel to the surface, as well as an isotropic average over these two orientations, factors of 1/2, |ε y (1 − ε x )/(1 − ε y )|, and (1 + |ε y (1 − ε x )/(1 − ε y )|)/3 have to be included to calculate the normalized length, L. ε i , i = x, y, z, depends on ω but we have suppressed the dependence to make the formulas clear. The associated g-factors are
and
The orientations of the Rydberg atoms can be controlled by external fields, e.g. electric fields.
If we choose the period of the PPLN superlattice to be ∼ 1 µm, then there is a bandgap between 4.9 and 5.3 GHz, which is the frequency range for a real SPhP with resonance frequency near 5.3 GHz [30] . PPLN superlattices with such small periods are possible to construct with modern fabrication technologies, e.g., the directwrite e-beam method [35] . The frequency of the SPhP matches the 87S 1/2 to 87P 1/2 Rydberg transition of rubidium with µ ∼ 8000ea 0 . The G for each orientation is plotted in Fig. 2(a-c) at different distances away from the surface. As shown in Fig. 2(a) , the coupling constant can be larger than 50 MHz for a Rydberg atomic ensemble trapped 1 mm away from the surface in a volume of 2 × 2 × 1 mm 3 with a Rydberg atom density n = 1 × 10 9 cm −3 . The PPLN surface is 1 mm wide and 5 cm long for this calculation. In order to reach the strong coupling regime, a dilute atomic ensemble with an average distance between atoms larger than 10 µm is considered, so that the Rydberg atom interactions [36] and Rydberg atom molecules [37] [38] [39] [40] [41] can be ignored at the level of the present calculation. Rydberg blockade [42, 43] does not destroy the effect, but will limit the number of Rydberg excitations present in the sample. Future investigations will use the blockade effect to enable single collective atomic excitations to interact with SPhPs, but these considerations are beyond the scope of the current paper. G can be increased by fabricating the metamaterial surface as a waveguide or resonator [44] .
To achieve strong coupling, G must be larger than the dissipation present in the system [20, 34] , which is mainly from the atomic, radiative decay, γ a , and the decay of the SPhP mode propagating on the surface due to the loss into the crystal bulk polariton modes, γ spp . The Rydberg atoms have a lifetime of ∼ 1 ms, corresponding to a decay γ a ∼ 1 kHz. The decay of the SPhP mode is frequency dependent. The SPhP decay has a maximum value when the frequency is at the SPhP resonance. At this point, the SPhP decay is equal to the damping constant of the crystal, Γ, and decreases as the frequency is detuned to the red side of the resonance [45] . The change in the decay constant is typically less than 1 order of magnitude. The resonant damping constant is Γ ∼ 0.001ω 0 for lithium niobate, where ω 0 is the SPhP resonance frequency [46] . Using this estimate, the decay of the SPhP is γ spp ∼ 5 MHz at its peak. Hence, the strong coupling condition is satisfied as G>> γ a , γ spp , and the Rabi splitting at resonance is
The SPhPs have a broad bandwidth compared to atomic decay. As shown in Fig. 2(a-c) , G is relatively uniform over ∼ 400 MHz. Consequently, the SPhP can be resonant with the Rydberg transition, as typical cavity quantum electrodynamics systems require, over a relatively large energy range. The broad nature of the resonance is in sharp contrast with the narrow bandwidth of Rydberg atom coupling to on chip, microwave resonators. The large, uniform coupling bandwidth is advantageous for making the PSL because more error can be tolerated in the period of the superlattice. Having a relatively narrow atomic transition to couple to the SPhP also has advantages. Fig. 2(d) shows the dispersion curve for the SPhP described in this paper. There are many modes with different propagation constants shown in Fig. 2(d) , but energy conservation associated with the narrow Rydberg transition picks out a small range of k y , except at resonance, and the collective atom-SPhP coupling can be effectively described by the Hamiltonian in Eq. 3.
It is possible to drive a particular SPhP mode with a microwave field. In this case, the SPhPs that are excited can produce a continuous wave electric field near the surface that can interact with the atoms. A SPhP mode with fixed wavevector can be excited, for example, by applying the edge-coupling method [47] . When the frequency of the pumping field is tuned near the atomic resonance frequency, one can observe phenomenon similar to those occurring when the cavity frequency is tuned in coupled atom-cavity systems [21] . One approach to observe the Rabi splitting resulting from the strong coupling between Rydberg atoms and SPhPs, inspired by the demonstrations of strong coupling in SPP systems [21] , is to use the SPhPs driven by a microwave field, as described in the prior paragraph. Similar to experiments for measuring microwave power with Rydberg atoms [48, 49] , Fig. 1 , electromagnetically induced transparency (EIT) [50, 51] can be used to measure the strong coupling between the atoms and the SPhP mode. By replacing the microwave field with the collective coupling between the atoms and the SPhP mode, the collective atom-SPhP coupling constant can be measured. A similar idea has been predicted [52, 53] and observed [54] in a lambda-type EIT cavity system.
To observe the collective Rydberg atom-SPhP coupling, rubidium atoms in a magneto-optical trap (MOT) can be placed a few millimeters away from a PPLN surface. A probe laser drives the 5S 1/2 to 5P 3/2 transition and a coupling laser drives the 5P 3/2 to 87S 1/2 transition. The probe and coupling laser beams overlap the MOT. A similar experimental setup has been used to detect the electric field near the surface of single crystal quartz at atom surface separations < 50 µm [55] . The transmission spectrum of the probe laser then depends on the separation between the atoms and the surface which can realistically be varied on 10 µm scales. Fig. 3 shows the probe laser absorption spectra for atoms at various distances away from the PSL surface. The transparency window, between the two absorption peaks, splits into two when the atoms are moved close to the surface. The Rabi frequency of the probe (coupling) laser used in Fig. 3 is chosen to be 1 MHz (10 MHz), and G for the neighboring Rydberg transition varies from ∼ 1 − 40 MHz when the atoms are moved from 150 mm to 1 mm away from the surface. The motion of the atoms is neglected since the temperature of the atoms is ∼ 100 µK and the decay length of the SPhP is large compared to the size of the atomic sample.
It is also possible to detect the atom-SPhP coupling by observing the collective decay of the atomic sample as influenced by the presence of the SPhP modes [7, 56] , i.e. the enhanced atomic decay will spectrally broaden the EIT lineshape. By analyzing the Purcell factor, which is defined by the ratio of the atomic decay into the SPhP modes to decay into other modes, we find the enhancement of the atomic decay can be much larger than 1 when the frequency is close to, but not at, the SPhP resonance. G >> γ a , γ spp and the SPhP is unbound in the y-direction since it can propagate away from the atoms.
The SPhP frequencies can be modified by engineering the period of the PSL. Fig. 4 shows G as a function of the SPhP frequency. In Fig. 4 , the atoms are assumed to be in the near field of the surface, i.e. the exponential term in Eq. 2 is ignored. Each data point in Fig. 4 corresponds to a PSL with a different period and a Rydberg atom transition at a different principal quantum number, n. In Fig. 4 , the coupling constant increases as the frequency increases. The increase can be attributed to G increasing as ω and L decreasing as ω. In order to be resonant with higher frequency SPhPs, a lower principle number n of the Rydberg atom is used. µ is proportional to n 2 so as ω increases µ decreases as n 2 . Most previous studies of atom-surface interaction use low-lying energy levels, with optical or infrared transitions [57, 58] making it necessary to position the atoms within 100 nm of a surface. Microwave strip lines and Rydberg atoms require ∼ 50 µm atom-surface separations. SPhPs on PSLs can potentially operate from GHzTHz and have near field coupling ranges of cm-µm. The electric field gradients for SPhPs are not as large as for superconducting, on chip cavities. SPhPs also do not couple to free space radiation modes, since those modes cannot simultaneously meet both energy and momentum conservation. Unlike most natural materials, PSL's can also support longitudinal SPhPs [59] . Structures that can couple surface modes to bulk propagating modes can be designed [60] . The fact that the atoms can be placed relatively far from the surface can enable one to interface them with superconducting qubits without having the light destroy the superconductivity. These properties can be important for frequency conversion at the single quantum level, interfaces to quantum based devices, and optomechanical transduction. Coherent control of atomSPhP coupling can be an important part of the quantum engineering toolbox.
In conclusion, we have suggested a collective atomsurface quantum hybrid system involving a Rydberg atomic ensemble coupled to a propagating SPhP mode on a PSL. We demonstrated that strong coupling can be achieved by properly engineering a PSL. The system provides an interface that can allow the transport of quantum information between a high and a low temperature environment and can serve as an atomic interface to polaritronic and microwave devices, including those operating at the quantum level. The system also presents the possibility to study the optomechanics of the atomsurface system, i.e. the atoms interact with the crystal vibrations through the electro-magnetic field. Finally, the proposed system is more experimentally forgiving than atom-SPP ones and can be used for proof of principle experiments for atom-SPP applications.
